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A careful ab initio construction of the finite-mass (1/2, 1/2) representation space of the 
Lorcntz group reveals it to be a spin-parity multiplet. In general, it does not lend itself to 
a single-spin interpretation. We find that the (1/2, 1/2) representation space for massive 
particles naturally bifurcates into a triplet and a singlet of opposite relative intrinsic 
parties. The text-book separation into spin one and spin zero states occurs only for 
certain limited kinematical settings. We construct a wave equation for the (1/2,1/2) 
multiplet, and show that the particles and antiparticlcs in this representation space do 
not carry a definite spin but only a definite relative intrinsic parity. In general, both spin 
one and spin zero are covariantly inseparable inhabitants of massive vector fields. This 
last observation suggests that scalar particles, such as the Higgs, are natural inhabitants 
of massive (1/2, 1/2) representation space. 
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Spin-Parity Lorentz Multiplets complement the supersymmetry multi- 
plets. The former are characterized by purely bosonic (or fermionic) constituents, 
while the latter carry bosonic and fermionic degrees of freedom simultaneously. To 
establish this assertion, via an example, we here present an ab initio study of the 
(1/2, 1/2) representation space and find that it is much richer than usually believed. 
The new physical element arises from fully respecting the algebra of the Lorentz 
group. Specifically, since the generators of rotations and boosts do not commute 
in general, we will find that a massive (1/2, 1/2) representation space supports an 
irreducible multiplet of spin 1 and spin 0. The separability of spin 1, and spin 0, 
occurs only in some kinematically restricted settings. 

The construction of the (1/2, 1/2) representation space begins with the observa- 
tion that it is a direct product of the (1/2, 0) and (0, 1/2) representation spaces, i.e., 
(1/2,1/2) = (1/2,0)® (0,1/2). Under the Lorentz boost the right-handed (1/2,0) 



'Summer address: Group P-25, Mail Stop H-846, Los Alamos National Laborato ry. Los Alamos, 
NM 87545, USA. E-mail: ahluwalia<Q)p hases. reduaz.mx; ittp: / / phases, reduaz.mx 
t E-mail: kirchbach@chiral. reduaz.mx; jittp:/ /chiral. reduaz.mx 



1 



2 D. V. Ahluwalia and M. Kirchbach 



spinors, 4>b.{p), transform as 



<f>R lp) = exp ( + %■ ■ ) <f> R (6) = 1 = 

^ J ^2m(E + to) 



(E + m)I 2 +a-p <f> R (0), (1) 



where (p is the boost parameter |3 and I2 is a 2 x 2 identity matrix. The left-handed 
(0, 1/2) spinors, transform according to 



(J5 + m)h — o ■ p 



(2) 



Now to describe the physical states inhabiting the (1/2, 1/2) representation space, 
one needs four independent rest states, and the boost, k(p), given by 
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k(p) 



2m(E + m) 

Associated with n(p) are the boost generators 



(E + m)h +v-p O (E + m)h -o -p 
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Similarly, the generators of the rotations for the (1/2, 1/2) representation space are: 
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In the rest frame, the (1/2,1/2) representation space can be decomposed into 
eigenstates of J 2 and J z . The spin-1 sector carries three independent rest-frame 
states: 



u>i,+i(0) 



, tui,_i(0) = 



(8) 
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while the spin-0 sector carries one state only 



1 



(9) 



By the Wigner argument, n(p ) Wj }m (0 ) can be identified with the states corre- 
sponding to momentum p. The explicit expressions for these are: 



wi(p) := /c(p)u?i )+ i(0) = iV 



(E + m-p z )(S + m + p z ) 
-(Px + ip y )(E + m + p z ) 
{Px + ip y )(E + m - p z ) 

-(Px+iPy) 2 



(10) 



w 2 (p) ■= k(p)wi,o(0) = 



N 
V2 



{pI 



-2(p x - ip v )p, 
2 mp z + 2 Ep z 
2mp z - 2Ep z yy 
2(p x +ip y )p 



P 2 y -Pl + {E + m) 2 ) 
P 2 y-Pl + (E + m) 2 ) 



,(H) 



w 3 (p) := k(p)wi-i(6) = N 



~iPx - iPyf 

ip x - iPy){E + m + p z ) 
-(Px - ip y )(E + m - p z ) 
(E + m — p z ){E + m + p z ) 



(12) 



N 

w 4 (p) ■= k(p)w o , (0) = -j= 



-2{p x - ip y )(E + m) 
(p 2 z + 2mp z + 2 E p z + p 2 y + p 2 x + (E + m) 2 ) 
- (pi - 2mp z - 2 E p z + pi + p 2 x + (E + mf 



2{p x +iPy)(E + m) 
where the normalization factor takes the value, 

N := [2m(^ + m)] _1 . 



(13) 



(14) 



The new labeling w^(p), £ = 1,2,3,4, has been introduced to emphasize that, in 
general, w^(p) are not single-spin valued states. Since the generators of rotations 
commute with the generators of boost only in case the rotation plane is perpendic- 
ular to the direction of motion, a general decomposition of the (1/2,1/2) represen- 
tation space into the spin 1 and spin sectors is ruled out. Stated differently, since 
J 2 is not a Casimir operator of the Poincare group, a generally valid decomposition 
of the (1/2, 1/2) representation space into spin 1 and spin sectors is forbidden. 

The exception occurs for the helicity basis in which one chooses the phys- 
ical setting to be such that the "quantization axis" for the spin-projections is 
aligned along the direction of motion. More specifically, [J l ,K 3 ] vanish only if 
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i equals j. For instance, by setting, p x = = p y , in the above expressions 
for w^p) in order to produce a special case of the hclicity basis, we find that 
(a) The w\{p)- and w 3 (p)-states are eigenvectors of J 2 and J z with eigenvalues 
2[= 1(1 + 1)], ±1, respectively; and (b) A third spin-1 state - to be denoted by 
V2(j>) ~ can be obtained from either u>3(p), or w\(p), through the action of the 



ladder operators 



Jv 



iJy, and J_ 



J x — iJ y , respectively. The state 



V2(p) '■= (l/\/2) J+wz(p) = (l/\/2) J-W\{p) turns out to be simultaneous eigen- 
vector of J 2 and J z with eigenvalues 2[= 1(1 + 1)] and 0, respectively. Note, that 
U2O?) is essentially different from W2(p)- The three states {wi(p), V2(p), Ws(p)} 
constitute a spin-1 multiplet; (c) Finally, a fourth state Vi{p), orthonormal to the 
previous ones, can be constructed and shown to be a genuine spin-0 state. Thus, 
the particular cases of the helicity basis from above, on the one hand, and the rest 
frame, on the other hand, represent two kinematically-restricted scenarios where 
the (1/2, 1/2) space can split into spin 0, and spin 1. 
The orthonormality relations for w^{p) are 



while the completeness relation reads 



-1 for C = 1,2,3 
+ 1 for ( = 4 



Wi(p) Wi{p) - ^w c {p)w c {p) = h 



(15) 



(16) 



where I4 equals 4x4 identity matrix. In the above expressions we have defined 



wq(p) := w ( (p)^ Aqo, where A, 
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(17) 



It will be seen below that Aoo is a part of a larger set of covariant matrices. For the 
moment it suffices to note that S\qoS~ 1 , with 



S = 



1 

V2 



% -i 

-i i 

10 1 

i i 



(18) 



is the flat space-time metric with the diagonal {1,-1,— 1,-1}. We note that Aoo 
also serves as the Parity operator: 



Aoo w c (-p) 



— w^(p) for £ = 1, 2, 3 
+ w ({p) f° r C = 4 



(19) 



So, while w^(p) may not carry a definite spin they are endowed with a definite 
relative intrinsic parity. The relevant projectors onto sub-spaces of opposite relative 
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intrinsic parities are: 

3 

P + = w 4 (p)w 4 (p), and P_ = - ^ w ( (p) w c (p ) . (20) 

C=i 

We now note that Sw^(p) transforms as a Lorentz four vector and carries a 
Lorentz index that can be lowered and raised with the fiat space-time metric pointed 
out above. Thus, we introduce: 

A»(p) := Sw ( (p) , (21) 

and, additionally 

V± := SP ± S-\ (22) 

and 

A„ v := SVS- 1 . (23) 

In a way reminiscent of the Dirac case, the wave equation for A^(p) can be read off 
from the projectors and is seen to be: 

( A^pPp" -em 2 I 4 )A c (p) = 0, (24) 

where e equals +1 for ( — 4 and is —I for £ = 1, 2, 3. The A^ v matrices can be read 
off from 

A^pV = m 2 (V+ - V-) . (25) 

By studying det (A^p^p" — e m 2 ^) , we find that: (a) For e = —I, the above 
equation carries three "positive-energy-" and three "negative-energy-" solutions 
with the correct dispersion relation, E 2 = p 2 + m 2 , while (b) For e = +1, there is 
one "positive-energy-" and one "negative-energy-" solution. We conjecture that a 
complete CPT analysis would show these to be particle-antiparticle solutions. Thus 
the (1/2, 1/2) representation space manifestly carries the particle and antiparticle 
states with equal masses. This result is not contained in the usual considerations 
based on the Proca equation. It is further apparent from the derived wave equation 
that in the (1/2, 1/2) representation space [C, P] = 0. This contrasts with {C, P} = 
for the (1,0) (0, 1) representation space [2,3]. 

The a" associated with the usual spin-1 Proca equation 

d^ v + m 2 a" = , (26) 

by construction* satisfies d v a v = (for m ^ 0). However, ll d v A 1 ' = 0" can not 
be implemented in the massive (1/2,1/2) representation space without violating 

tpiiv = Qv a v _ a^ (l M j i s antisymmetric. 
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the completeness relation ([16]). While the new wave equation ( p4| ) contains all 
solutions of (p6|), the converse is not true. For this reason, the Proca equation is 
not endowed with the complete physical content of the (1/2,1/2) representation 
space. Its content is confined entirely to the space associated with the projector P_ 
(seeEq. @). 

Every knowledgeable reader by now must have noted as to how parallel is the 
presented construct with the Dirac construct for spin one half, and that the usual 
"completeness relation" written in Proca framework is not a completeness relation in 
the usual mathematical sense. The mathematically correct form of the completeness 
relation is Eq. (|l6|). It is the exact parallel of its counterpart in the (1/2, 0)0(0, 1/2) 
Dirac construct. 

In view of these observations, we now critically study the "constraint": 

dpA? = 0, (27) 
which in the momentum-space takes the form, 

P pA%@) = (28) 
The latter "constraint" can be evaluated using the results obtained above. We find 

P pA'(p) = ^hWr^l = n' ^ i = ]' 2 ' 3 (29) 
Fp ( u ' \ {i/m)pf3pP =0, for C = 4 

where, c\ = i(p x + ip y ), C2 = —ip z , and C3 — i(p x — ip y ). In other words, the 
conditions for £ = 1,2,3 yield ppp^ — m 2 , which certainly is not an additional 
constraint for a Lorentz covariant theory. For £ = 4, ppA^ = im, and cannot be 
set equal to zero unless one is considering massless particles - for which case it is 
trivially satisfied (and, again, does not constitute an additional constraint). We 
thus arrive at the conclusion that ppA^(p) — is trivially satisfied for the massless 
case. Therefore, it cannot be used as a "constraint." On the other hand, for the 
massive case it is equivalent to, E 2 = p 2 + m 2 , for ( — 1, 2, 3, whereas for £ = 4 it 
can not be fulfilled at all. 

It is thus apparent from the above considerations that an isolated kinematically- 
unrestricted massive spin-1 field theory can only be based upon the (1,0) © (0, 1) 
representation space. However, contrary to the canonical wisdom, the (1, 0) © (0, 1) 
representation space supports one of the unusual Wigner classesE In this repre- 
sentation space massive bosons, and antibosons, carry opposite relative intrinsic 
parities.0 For this reason, e.g., the standard- model's W^ 1 and Z bosons cannot be 
described as (1,0) © (0, 1) particles, and we are left with the (1/2, 1/2) represen- 
tation space - as is in fact appropriate for gauge bosons. On the other hand, the 
(1/2,1/2) representation space is a multiplet of spin 1 and spin 0. If single-spin 
valued spin-1 particles are to be created in this representation space then, (a) They 
must be spin-polarized along the direction of motion with the eigenvalues of the 
helicity operator, (p/\p\) ■ J, equal to {+1,0,-1}; (b) The completeness relation 
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for the (1/2, 1/2) representation space obtained above requires such spin-1 particles 
to be necessarily accompanied by a spin-0 partner. In the most general case, the 
(1/2, 1/2) representation space naturally splits only into a triplet and a singlet of 
opposite relative intrinsic parities, which are not to be confused with the spin-1 
triplet and the spin-0 singlet. This confirms an earlier conjecture by one of usu 
that or in general (8 [(1/2,0) (0, 1/2)], representation spaces do not 

carry a single-spin interpretation. Instead, they should be interpreted as spin-parity 
Lorentz multiplets, an observation empirically supported by the existing data on 
the non-strange baryonic spectra. 
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